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ABSTRACT: We show that the random-phase approximation (RPA) for correlations in block-copolymer
melts derives from the free energy functional of ideal chains augmented by a random-mixing approximation
for the interactions between monomers. The derivation facilitates comparisons to other approaches to monomer
segregation. We apply the RPA functional to the segregation of symmetric, lamellar, block-copolymer phases
while employing the full wave-vector dependence of the third- and fourth-order vertex functions. Compared
to calculations which accurately treat only the second-order vertex function, the fourth-order theory shows
that the wave-vector dependence of the higher-order terms plays an important role in determining the degree
of segregation of the melt. The approach to the strong-segregation limit (SSL) is very slow, so the scaling
of the domain size D with the polymerization number N obeys the predicted relation D « N?/3 only for very
long chains and low temperatures. In contrast, the second-order theory approaches the SSL scaling result
more rapidly, again underscoring the importance of higher-order vertex functions. In the weak-segregation
limit (WSL), the interfacial width rises rapidly, reaching a maximum before decreasing and then relaxing
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to an almost constant value in the SSL.

I. Introduction

Block-copolymer melts composes of even slightly in-
compatible sequences of monomers generally undergo a
microphase separation! at moderate temperatures. The
microphase separation differs, however, from the phase
separation of other types of liquids in that the regions rich
indifferent types of monomers cannot distance themselves
from each other over macroscopic length scales. Instead,
the physical connectivity of the different blocks comprising
the copolymer chains dictates that segregation occurs over
distances comparable to the size of individual blocks. As
one of the more interesting consequences of the connec-
tivity of the blocks, microphase separations and the
morphologies of the resulting domain structures have been
the subject of numerous experimental (e.g., refs 2 and 3
and the review of ref 4) and theoretical515 investigations.
A large percentage of the theories of block-copolymer
thermodynamics employ vertex-function expansions based
on the random-phase approximation (RPA).¢ However,
with few exceptions,®14 the vertex-function-based cal-
culations have been limited to weakly segregated mor-
phologies®!11216 in which the number density of the
copolymer species varies sinusoidally. For such degrees
of segregation, a single Fourier mode (or single family of
Fourier modes) suffices to describe the density profile.
The purpose of the present article is to study the effects
of higher-order vertex-function contributions to the block-
copolymer morphology and to show how the expansion-
based theory compares to other approaches to block-
copolymer segregation. Others!%1® have previously ex-
amined higher-order contributions in the weak-segregation
limit, but the calculations outlined here investigate the
role of fourth-order contributions in the strong- and
intermediate-segregation cases as well.

For complex morphologies or when the chain architec-
ture involves branching or several different blocks, the
density-functional formalism which leads to the RPA
vertex-function expansion has important practical ad-
vantages over alternative, but formally equivalent self-
consistent-field (scf) theories’!% of inhomogeneous block-
copolymer fluids. The scf theories are based on modified
diffusion equations for monomer distribution functions
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and derive from the Markov properties of random-flight
chains in external fields. Segregated block copolymers
may have lamellar (one-dimensional), hexagonal (2-D),
body-centered cubic (3-D), or ordered bicontinuous double-
diamond (3-D) morphology.48 Exceptin the lamellar case,
solving the scf differential equation to obtain the equi-
librium state appears difficult if not infeasible. Recently,5
Shull has employed the scf approach to calculate the
equilibrium profile of diblock copolymers in the lamellar
state. His results thus represent the exact solution of the
approximate functional upon which the scf formalism is
based. The approximate density-functional calculations
described in the present article represent an approximate
solution of the same functional but also possess sufficient
flexibility for applications to more complex morphologies
and chain architectures. This motivates comparisons of
the present, fourth-order vertex-function calculations to
the numerically exact scf ones. As discussed below, we
find that the scf and approximate density-functional
calculations agree qualitatively in every way, though
quantitative discrepancies appear at strong degrees of
segregation. It seems reasonable, without further infor-
mation, to expect similar agreement between the unknown,
exact solutions of the free energy functional for two- and
three-dimensional morphologies and the fourth-order
density functional.

The most well-characterized block-copolymer me-
sophase is the lamellar one in which domains form a one-
dimensional pattern of wavelength D. Recent experi-
ments3* show that the boundary region—the inter-
face—between domains may involve substantial mixing
of the incompatible monomers. This effect becomes less
significant314 at low temperatures when the domains
segregate strongly—the so-called strong-segregation limit
(SSL). In the weak-segregation limit (WSL), the region
in which different monomers mix appreciably becomes as
large as the domains themselves, and the notion of an
interface ceases to be a useful concept for understanding
the microphase separation. Many workers have postu-
lated®!4 that in the WSL, the domain spacing scales as the
square root of the polymerization number N. However,
more careful theoretical treatments!2.1516 guggest that the
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domain size actually increases more rapidly than N'/2 in
the WSL. In the SSL, however, simple physical argu-
21\1}2e/1;ts'3-9‘"" support the well-accepted scaling relation D «

The theoretical section following this discussion consists
of two parts. In the first section, we rederive the RPA
using simple density-functional methods. Some of the
ideas employed in our discussion of the RPA also appear
in the block-copolymer studies of Semenov® and Ohta and
Kawasaki® as well as in calculations of the effective x
parameter!’ of polymer blends. However, the precise
relation between the RPA vertex-function expansion,
density-functional techniques, and the scf formalism
remains somewhat vague in these references. Within the
context of the present article, it proves useful to provide
a brief derivation of the RPA formulation of the problem
based entirely on density-functional arguments. This is
accomplished by dividing the free energy into two parts:
first, an entropic part for the statistics of the chains and
second, the usual random-mixing, nonideal energy con-
tribution. This division immediately establishes the
connection between the scf, RPA, and density-functional
approach to inhomogeneous polymer fluids and leads to
a number of current theories of inhomogeneous, ho-
mopolymer fluids and blends. Dropping the incompress-
ibility constraint usually invoked with the RPA produces
the same set of structure factors derived previously!®1?
using functional integrals. Within the density-functional
methodology, the incompressibility condition places a
constraint on the allowed density variations and not on
the free energy functional itself. Extensions which allow
for density fluctuations ignored by the incompressible
theory may be obtained from the same functional which
leads to the usual, incompressible RPA theory.

After reviewing the RPA in the theoretical section
following the Introduction, we employ the fourth-order
vertex function to calculate the segregation and domain
spacing in symmetric, lamellar, diblock-copolymer melts.
For comparison, we repeat the calculations using just the
second-order RPA functional supplemented by a heuristic
ideal free energy functional. Asothershave done,®b:12.14-16
we study the growth of the lamellar domain spacing as a
function of the temperature (expressed in terms of the
Flory parameter x) and the polymerization number N.
We employ the ingenious variational function invented
by Melenkevitzand Muthukumar!4 for studying the weak-,
intermediate-, and strong-segregation limits of the phase
separation. Our numerical calculations differ from those
in ref 14 in our use of the full wave-vector dependence of
the third- and fourth-order vertex functions. The latter
refinements greatly increase the computational burden
associated with our studies but also have a moderate
quantitative effect on the predictions of the theory.
Indeed, we reach the conclusion that while the fourth-
order terms approximated by constants in previous
calculations!4 contribute only a small fraction of the total
free energy, they play an important role in the segregation
process. The last section of the main text summarizes the
theoretical findings and discusses avenues for theoretical
improvement.

II. A Density-Functional Derivation of the
Random Phase Approximation Free Energy
Functional

The free energy functional
F[{Pi(R)}] = FG[{Pi(R)}] + Flocal[{pi(R)}] 1)
with Fg[{pi(R)}]} the free energy functional of inhomoge-
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neous, Gaussian chains and

8
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generates the celebrated random-phase approximation
(RPA) of polymer melts. The set of densities {p;(R)} which
appear in eqs 1 and 2 are grand-canonical averages of the
monomer number-density operators, 8 = 1/kgT, and we
use R to denote an arbitrary dependence of the set of
densities {p;(R)} on the spatial coordinates. Ordinary
numbers denote integration variables (e.g., fd1 = dx; dy,
dz;). The free energy functional (or, more properly, the
intrinsic free energy functional?’) can be written as

Fifp,®)}1 = 3 [d1 p,(1)In p, (1A% - 1] - 2[{p,R)}]
: ®)

The constants A, appearing in eq 3 have units of length,
but their precise definition has no bearing on the analysis
that follows.

For atomic systems, ®[{p;(R)}] contains the nonideal
and nonlocal interactions between the particles whose
densities appear as its arguments, and functional deriv-
atives of ®[{p;(R)}] with respect to the densities generate
a hierarchy of generalized direct correlation functions.?
The first part of the right-hand side of eq 3 is the ideal
entropy of mixing of the atoms. Functional derivatives of
®[{p:(R)}] with respect to the monomer number densities
also generate the direct correlation functions of monomers
in systems of polymers, but the separation of F[{oi(R)}]
into the two terms on the right-hand side of eq 3 does not
provide any practical, computational advantages. For
block copolymers, it proves more convenient to focus on
the vertex functions defined® as

8"Flip,(R)}] ~
2o(1) (@) .. p,(n-1) py(n)
Bage-brp «
2o(D) p5(2) .. p,(n-1) py()
8(1-2)..8(n—(n-1)) + ¢4\ (1,2,..,n"1,n) (4)

with the ¢,z ,1's monomer-monomer direct correlation
functions and n 2 2. The functional F[{p;(R)}] is a
Legendre transform of the grand partition function with
respect to modified external fields

¢ (1) = Blu, = u,(1)) ()

with u, the chemical potential per monomer?! of type a
and u.(1) an external field that acts on an a monomer
located at position 1. F[{p;(R)}] also has the property!320

8F/bp,(1) = ¢, (1) ®)

The discussion in this section applies to ordinary atomic
systems, to mixtures of homopolymers, and to block
copolymers. [Inthe case of polymers, the coordinates refer
to centers of mass or geometric centers of the monomers.]
However, for concreteness and because polymers are our
primary interest, we refer to the particles from now on as
monomers. For homogeneous melts, the second-order
vertex function has the well-known property®20.22

Paﬁ...‘y)\(li2""yn_lrn) =

-1)*n-1)

[
@0 =254@=2-cd @

with g a Fourier transform variable, V the volume, p the
overall number density of monomers, and S} an element
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of the inverse matrix of monomer-monomer structure
factors.

Now consider a slightly inhomogeneous polymer melt.
For small overall density variations, it suffices to expand

Fl{p:(R)}] about a homogeneous state F[{o'}] as
Flip () = FUlsl) + 3, 1o, - 021 +

—Z Jarfd2r 120, - p3100,@ - 51 +

O R) - pD)°) (8)
In the case of a binary incompressible melt,

p=pi+ g = ps(1) + pp(1) ©)

and

pa(D) - pj = ~Lpp(1) - p3) (10)

Substituting eq 10 into the third term on the right-hand
side of eq 8, we find

Py(1-2)[p,(1) - PA][PA(z) PA]"
;r s(1-2)[p,(1) - o5} [p4(2) - 3] =

[oa(1) = 531 [0A(2) - pA1;<—1>‘«B“ﬂ=raﬁ<1 2) (11)

Equation 11 defines I's.

Consider next a melt of ideal polymer chains containing
two monomeric species (e.g., a binary block copolymer or
a binary blend of different homopolymers). In this case,
the second-order vertex functions appearing in eq 8 are
just the Gaussian inverse structure factors $6,571(g). Then
we interpret F as the intrinsic free energy functional of a
system of Gaussian chains in a weakly varying external
field. Adding to this result the local contribution defined
by eq 2, we arrive at the RPA structure factor. To see
this, functionally differentiate the sum of eqs 2and 8 twice
with respect to the monomer densities and substitute the
resultintoeq 11. The incompressibility constraint makes
a quasi-one-component system out of the binary one and
leads to a single unique structure factor S(g) defined as
the Fourier transform of [pa(R) - p A]2 (or, due to the
incompressibility condition, [pB(R) pB]2) in the expan-
sion of F[pa(R),ps(R)]] about F[p},05]. Thus,

1 - Prz(Q:"Q)

= SGM_I(Q) + SGBB—I(Q) - 2SGAB-1(Q) =2x (12)
where we have introduced the Flory parameter2324

X = §(2uAB —Upa — Ugp) (13)
A little matrix algebra then leads to
S(qg) = D(q)/[W(q) - 2xD(q)] (14)
with
W(q) = SA(@) + Sga(@) + 2535(9) (15)
and

D(q) = det S%(q) = S,(9)S55(9) - SSp(a)?  (16)

Equation 14 is the standard RPA®2 for a binary, incom-
pressible system. However, in deriving this result, we have
avoided the use of functional integrals!®1® or Leibler’s
response-function?® algebra~—techniques which tend to
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obscure the underlying simplicity of the RPA as derived
from eq 1.

The same procedure applied to the compressible case
yields a set of three unique structure factors. Applying
eq 4 with n = 2 to the sum of eqs 11 (for Gaussian chains)
and 2 and solving for the structure factors, we find

D(qugg + S5,(@)
Suu(@) = — u"}‘;(q) axtd (17a)
and
SSa(9) - u,pD(q)
S,a(@) = 221 R(q)‘“’D g (17h)
where

R(@) = 1 +u,SEa(@) + uppSi(@) + 2upSis(@) +
(UppURg — UAB)D(Q) (18)

Apart from minor changes in notation, eqs 17 and 18 are
identical to the compressible RPA results derived in ref
19 and, in a somewhat different context, also in ref 18.
The compressible RPA structure factor Sgg(q) follows from
eq 17a upon exchanging the A and B subscripts. Equations
17 and 18 differ from the usual RPA (eq 14) in that they
allow for arbitrary density fluctuations.

It seems appropriate here to comment briefly about the
application of the compressible RPA results to inhomo-
geneous polymer systems. Researchers have occasionally
insinuated that the ¢ = 0 divergence of the two-body vertex
function I'; results from the incompressibility assumption.
Actually, the present derivation shows that the divergence
arises from the fixed stoichiometry of the chains rather
than the incompressibility condition. In the case of an
ideal blend with mole fractions of A and B monomers x,
and xg for instance, D(g=0) = x,xgNaNp because Sas(0)
= xaN4, Spe(0) = xgNg, and monomers on different chains
do not interact so Ss5(0) = 0. However, D(q=0) in eqs 14
and 17 vanishes for ideal block-copolymer chains since
SaB(0) = NaNp/N, ostensibly making the free energy
functional in eq 8 undefined (the results of integrating the
I'45(1-2)’s over 1 or 2 is undefined) if p changes even for
compressible Gaussian chains. This has nothing to do
with the compressibility or assumed lack of compressibility
of the chains. In fact, the compressibility x of a homo-
geneous fluid of noninteracting block-copolymer chains is
given by the ideal-gas-law expression x = N/pkpT which
results from the center-of-mass, translational degrees of
freedom of each chain.

One can still use eq ‘8 to describe block copolymers
variationally by paying careful attention to the effects of
such divergences on the free energy. In particular, the
spatially averaged number densities of A and B monomers
must reflect the stoichiometry of the chains. Otherwise,
the free energy diverges. Alternatively, it may prove
helpful, in certain situations, to divide the correlation
functionsinto constant and spatially varying pieces which
couple, respectively, to the constant and the spatially
varying parts of the densities. Reference 13 contains a
detailed account of this methodology. The results of the
present article are limited to the incompressible case in
order to compare the results of a finite-order, density-
functional calculation to other methods. We expect the
Gaussian vertex functions derived above to provide agood
description of a compressible block-copolymer fluid only
if a térm is added to Fioca which explicitly accounts for the
fluid’s reduced compressibility.
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To study block-copolymer microphase separation, we
require the third- and fourth-order functional derivatives
of Fl{pi(R)}]. Leibler® has obtained these as the response
functions of a homogeneous system, subject to the in-
compressibility constraint, to a weak external field. We
summarize the salient features of the derivation of these
from eq 1. First, note that eq 1 predicts that the third-
and higher-order vertex functions do not depend on x
because the local contribution (eq 2) to F[{p;(R)}] contains
only quadratic and bilinear combinations of the densities.
Thus, functional derivatives of F[{p;(R)}] higher than
second order are independent of the interaction parameters
{uagl. A higher-order theory which allows for monomer-
monomer correlations in the interaction part of eq 1 may
not lead to such a simplification.

Employing Leibler’s® notation, define
_ 8'F
Faﬂ‘y)\ =
dp,(1) ps(2) p,(3) p\(4)

(19)

and
r. = &°F
B 8p,(1) pg(2) £,(3)
Upon expanding F{{pi(R)}] (as in eq 8) to fourth order in
the density differences and employing the incompress-

ibility constraint (eq 9), we are led naturally to consider
the quantities

Ty(1,2,3) = ;(—1)5a8+‘ﬂ+"vﬂra5,(1,2,3) 21
apy

(20)

and

T,(1,23,4) = ) (-1)ksHmtisther  (1234) (22)
aByA

Using the functional derivative chain rule, one can
show?20,21,26

T,5,(1,2,3) =
~{d4 [ d5 [d6 T,,(1,4) T5(2,5) T,(3,6) G, (456) (23)
and
T(1234) =
- {d5 [ d6 [d7 [T,,\(1,5,4) T5(26) T, (3, +
T,,(L,5) T4y (26,4) T, +
T (1,5) T4 (2,6) T, 3(3,7,4)1G,,,(5,6,7) -
{ds [d6 [ a7 [d8 T,,(1,5) T5(2,6) T,(3,7) X
T, 4.8) G,.,(56,7.8) (24)

To simplify the notation, we sum over repeated indices in
eqs 23 and 24 rather than explicitly indicating summation
symbols. The quantities G,4(5,6,7) and G4vw(5,6,7,8) are
the three- and four-body density correlation functions

G,.(5,6,1) = {Ap,(5) Apy(6) Ap,(T)) (25)

G, (5,8,7,8) = (Ap,(5) Ap,(6) 8p,(T) Ap,(8)) (26)

and the density difference operators Ap.(1) are defined in
terms of sums over the positions r;, of all monomers in the
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system of type « as
8oo(D) = b,(1) = po(1) = Y81 =1,) = (D _8(L~¥;))
Ia 1o (27)
The symbols () in eqs 25-27 denote grand-canonical

averages.20

Translational invariance of a homogeneous polymer melt
of volume V and eqs 25 and 26 imply the Fourier transforms
of eqs 21 and 22 as

T'5(q,,95.93) = -D,(q,) Di(q,) D,(q;) G,,(4,,9,95) (28)
and

r4(¢lp‘l2v‘l3;¢l4) =
D (q,) D(qy) D (g3 D.(q4) ¥s1ve (91,9299, (29)
with
D,(q) = S.(q) - Sg(@) (30)
and

Vorver (@192 93:9s) = ~Crirr(41,95,930) +
VUG (41929 Spn(@) G (0,85, +
Gom(81,83~0") Spi(@) G (0,029, +
G on(@1,99) Spn(@) Grpe(-0',03,89)] (31)

The wave vectors q’ are chosen to maintain translational
invariance in each term of eq 31. So, for example, G\~
(91,92,9") has ¢’ = —q; — q2. Also, I'; vanishes unless q; +
g2+ q3 = 0 as does I'y except when q; + q2 + @3 + q¢ =
0. Note that the form of eqs 28 and 31 does not place any
constraints on the correlation functions used in actual
calculations. Rather, these results follow as a consequence
of an application of the incompressibility condition to well-
known results from the theory of liquids. The RPA vertex
functions are obtained upon replacing the correlation
functions Giv(q1,92,93) and Gyvw(91,92,93,94) and the
inverse structure factors with their ideal, Gaussian-chain
analogues.

ITI. A Numerical Study of the Fourth-Order RPA

Having derived the second-, third-, and fourth-order
vertex functions of a binary system in the previous section,
we now proceed to study the segregation of lamellar, block-
copolymer mesophases. The functional

Ql{p RN = Flip®}1 - Y fd1 p, 1) 6,(1) (32)

a

is minimized2®2¢ by the equilibrium densities. We model
F[{p;(R)}] using the prescription discussed in the previous
section as

Fl{p,(R)}]1 = Fl{p,(R)}] + Fi alip, (R} (33)
Now consider only those density variations that respect
the incompressibility condition (i.e., eq 9). Then near a
homogeneous state having densities p} and p} and total
density p, F[{pi(R)}] has the functional expansion

o

Flip, (R = Fip})) + & d1 fd2 1,1,2) v(1) w(2) +

3

& fd1fa2fd3 1,23 v v@ v +

4
£ fd1fdefdsfdar, 1,234 w0 v@ v@) ) G
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Figure 1. Domain spacing as a function of xN below the phase
transition. The solid curve is for the fourth-order calculations
whereas the chain-dashed curve plots the results of the second-
order ones.

where

w(1) = [py(1) - 31/ (35)

Following Melekevitz and Muthukumar,!42” we consider
a Gaussian-window function

VOLDY

H(z-iD) (36)

1 24+fD/2

- ~¥%/(20%)
(20,21',)1/2 z-fD/2 e (37)

H@z) =

o and D are variational parameters that we employ to
approximately minimize Qv, and f denotes the fraction of
A monomer in the copolymer chains. Since the overall
monomer number density does not change (within the
incompressibility approximation) upon cooling the melt
through the microphase separation, it suffices to minimize
Fl{pi(R)}]. Inthelimitthat ¢ —0,y(2) reducestoasquare
wave of periodicity D. It also resembles the cosine wave
cos(2xz/D) for o/D 2 0.3.

In Figures 1-3, we present some results for the mini-
mization of F[{p;(R)}] at f =0.5. These calculations employ
the RPA-approximate correlation functions for I's(qy),
I'3(q1,92), and T'4(g1,92,g3). We convert the integrals
appearing in F[{pi(R)}] to sums over the Fourier compo-
nents of Y(2). These sums converge rapidly for the WSL
calculations shown in Figure 2, but for the examples with
the smallest values of o (those at the largest xN’s), they
involve many Fourier components.

The natural length scale in the present problem is the
radius of gyration R of an ideal, diblock chain. Note that
Rg scales as N'/2 23.24 g9 if D/Rg = N”over some range of
xN values in Figures 1 and 2, D « N* with » = v/ + 1/2.
We observe that the domain spacing D grows more rapidly
than N/2 immediately below the microphase separation
xN, consistent with the observations of earlier re-
search.121516 At fixed N, D increases upon cooling the
melt below the transition temperature. This occurs even
over the range of temperatures for which a single wave
vector determines the morphology (i.e., the weak-segre-
gation limit).

To better understand the behavior of the domain spacing
in the WSL, consider F[{p;(R)}] when f = 0.5. The third-
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Figure 2. An enlarged view of the transition region of Figure
1. The legend for the curves is the same as in Figure 1.
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xN

Figure 3. Interfacial width parameter ¢ below the phase
transition: solid curve, fourth-order calculations; dotted curve,
second-order calculations.

order vertex functions I's(¢1,92,93) vanish for this com-
position, and the present theory predicts that the mi-
crophase separation is second order and occurs near xN
= 10.495. A single Fourier component

¥(2) ~ {(2x/D) cos(2nz/D) (38)
of periodicity D dominates and we can write

4
AF[{p,(R)}1 ~p°T,(q,~q)¥3 + %I;(q,-q,q,-q)w{ (39)
where g = 2x/D, Y1 = ¥(q), ¢ = 2#/D, and

AFi{p,(R)}] = Fl{p,(R)}] - Fl{o}}] (40)
Minimizing eq 39 with respect to ¥, leads to

T,(q,-9)*
I'(9,-9,9,~9)

We then determine D by minimizing this result with
respect to g. Reference 14 approximates I'y(¢,~¢,9,~q) in
eq 40 with I'«(q*,~¢*,q*,—q*), where ¢* denotes the wave
vector at the onset of the microphase separation. As
Leibler® has pointed out, I'2(g,~¢) has a maximum at g*.
Thus, when I'y = a constant, g = g* irrespective of xN as

AF[{p,(R)}] =~ (WSL) (41)
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=

0/R;

e
o

T

10! S
XN

Figure 4. Log-log é)lot of the data of Figure 1. The solid curve

is for the fourth-order calculations and the chain-dashed curve

for the second-order ones. The dotted lines drawn adjacent to

the curves have slopes of 1/6 as would a scaling relationship D

« N2/3 plotted on this graph.

long as the single-wave approximation (eq 38) applies.
However, when we retain the full wave-vector dependence
of I'«(g,~9,9,~q), we find that g changes linearly with xN
and fails to produce a simple scaling law of the sort D «
Ne, This follows from the fact that I';(¢,~q,g,~¢) does not
have an extremum at ¢* so that small changes in ¢ may
produce a lower value of AF[{p;(R)}] than that obtained
at ¢*. Thus, as the polymer melt is cooled below xN =
10.495, the domains immediately begin to grow relative to
their threshold value and o decreases. o decreases even
upon approximating I'y(q,~¢,q,~¢) with the constant T';-
(g*~¢*,q*—q*) because

wl = % exp(—TZH‘nVZ/Dz)

- [ -2T5(q*—-q*)
p'T (g% -q*,q*~q")
in this case. Reducing the temperature makes —I'2(q*)

larger, causing y; to grow. With D fixed, y; can only
increase if ¢ decreases. From eq 42 we see that

d@D)® ___1
dodN)  xN-x*N

in the WSL with x* the Flory parameter at the onset of
the microphase separation. Figure 3 illustrates the rapid
decrease of o predicted by this result. Note that the
singularity in ¢ near the transition is a consequence of the
continuous nature of the transition and obtains even when
we include the proper g dependence of I'y(q,~q,¢,—q) ineq
42. At the critical point, 0 = « so that ¢; = 0. Upon
cooling the melt sufficiently to observe a finite-amplitude
density wave, ¢ is finite. At off-critical compositions, ¢
remains finite even at the transition.

Close to the transition, we observe a rapid increase of
D/Rg with xN for the reasons already mentioned. D/Rg
increases more slowly at large values of xNV and starts to
approach the 2/3law. Figure 4 replotsthe results of Figure
1 on a log-log graph to show this. Note that the lower
curve (which we have yet to discuss) has nearly reached
the SSL D « N2/2 limit for xN > 100. However, even at
the largest values of xNV considered in Figures 1 and 4, the
apparent exponent of the upper curve is still about 0.71.
{(For comparison, we plot relations of the type D/Rg =

1/2
] (WSL) (42)

43)
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N1/8 near the curves on the graph to make the deviation
of the data from the scaling relation obvious.] This,
however, represents a significant decrease from its peak
value of about 1 which occurs when x N =~ 30 and it appears
that at very large xN, D should scale as N2/3, Reference
15, which employs the scf technique to calculate Fg[{o;-
(R)}1, quotes a value of D/R¢ = 5.96 at xN = 125 whereas,
for comparison, we find D/Rg = 7.80—about a 30% error.
The difference in the results stems from the consistently
too large scaling exponent between D and N in the present
calculations.

In many studies of inhomogeneous systems and phase
transitions, it proves helpful to separate from the rest of
the free energy an ideal functional that derives from the
properties of a noninteracting system!320:28 and can be
evaluated to infinite order in the relevant density order
parameters. This functional usually has the form of an
entropy of mixing and, in the absence of external fields,
favors a homogeneous distribution of the system’s com-
ponents. However, the connectivity of the block polymer
chains makes it impossible to define an unambiguous,
“ideal” free energy for block copolymers in an external
field. The ideal free energy describes the response of the
chain to an infinitely slowly varying external field. If the
field acts on A and B monomers in the same way, we recover
the ideal state used in ref 14. In the case of a blend or
homopolymer solution, similar arguments lead to the
Flory-Huggins entropy of mixing.?® However, even when
the fields do not vary appreciably over length scales
comparable to the size of fully extended blocks, the
presence of different fields for A and B monomers can
result in profound segregation effects. We allow for these
effects in the nonlocal parts of F{{p;(R)}]. Thus,toaccount
in a qualitative way for the possibility that an all-orders,
ideal, free energy functional affects block-copolymer
segregation, we propose the heuristic ideal functional

FalW(B)] =
gfafom[] + - onm[ L] o

withf(1) = f+y¢(1). Equation 44 bears some resemblance
to the ideal free energy of mixing different homopoly-
mers.2%%# A derivation of eq 44 based on a block copolymer
in a slowly varying field® motivates this form but also
illustrates that an unambiguous definition of Fy;; does
not exist. A slightly different choice of the “ideal state™®
yields an Fn;; without the 1/N prefactor in eq 44. Such
achoice would lead to a separate dependence of the system
properties on x and N, which we do not pursue in the
present analysis. [Note that the RPA form for the
correlation functions leads to a dependence of the seg-
regation properties on xN rather than on x and N
separately.] However, without the reduction achieved by
the 1/N factor, the ideal terms become much more
significant.

Rather than expanding Funi, to fourth order as we have
done for Fi{p;(R)}], we retain the all-orders form of eq 44.
Adding and subtracting eq 44 to the intrinsic free energy
functional, we have

F[{pl(R)}] mxx[{pl(R)}] + {FG[{PI(R)H -
Foal{o, B} + gua, fd10,() p,1) 45)
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Now expand the difference

Fallo B - Follp @11 + 53, [ 5,0 (D)
af

to fourth-order in (1) for the incompressible case. This
expansion is

FVRPA[\"(R)] = FG[¢(R)] -Fmi,[lP(R)] +
g;uaa fd1 0,0 pg1) =

2
Flie%) + % fdtfd2rpa,2) v v +
3
Sfa1faefasrsay v v v +

4
—Jd1fa2[ds da T 1,23 ¥) ¥ v &) t6)

The coefficients in eq 46 are related to the ordinary RPA
vertex functions by

8(1-2)
pf -1
6(1-2) 6(1-3)(1 - 2
P -nN12

I7(1,2) = T,(1,2) +

(47a)

r7(1,2,3) = T'3(1,2,3) - (47b)

and

I'7(1,2,3,4) =
28(1-2) 5(1-3) 8(1-4)(1 - 3f + 3/D)
lfa-nr

Because it includes Fiix, eq 46 contains all orders of the
Fourier components of (1) in contrast to eq 34, which
only includes fourth- and lower-order combinations of the
¥(g)’s. The calculations withand without F,;; as described
below show that the wave-vector dependence of the third-
and fourth-order vertex functions play a much more
important role in determining the segregation than does
the assumed form for this “entropy-of-mixing-like” con-
tribution. This contrasts the situation encountered in
theories of the interfaces of blends® and homopolymer
solutions,?32 where the entropy of mixing can lead to a
pronounced asymmetry of the relevant interface. We
expect that any reasonable local approximation for F;;
proportional to 1/N would yield similar results. Alter-
native formulations of block-copolymer!233 or polyatomic
molecular®¢ thermodynamics which treat bonds as per-
turbations would lead to ideal contributions not propor-
tional to 1/N. These could have a profound effect on the
segregation process.

We have repeated our calculations for the segregation
of the lamellar phase using eqs 46-47 in place of eq 34. On
the scale of Figures 1-4, the results are indistinguishable
from those of the fourth-order calculations that do not
include Fp,;;, Comparing the calculations in detail, we do
find that including the ideal term predicts a slightly slower
initial development of segregation than the theory based
oneq 34. Considered by itself, Fr;; favors a homogeneous
distribution of monomeric components and softens some-
what the rate of decrease of ¢ and increase of D with
increasing xN. However, the inclusion of Fy,;; also alters
the part of the free energy functional that we approximate
by the fourth-order expansion. Thus, to fourth order, eq
34 and eqs 45—47 are equivalent and the fifth- and higher-

P3(1,2,3) + (47C)
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order parts of Fy; actually cause the initial slowing of the
domain sharpening and growth. Once the segregation has
become pronounced, Fn;, saturates to a SSL value of (o V/
N) In 2 and plays very little role in determining the
morphology. The effect of F;z is quite small (less than
10%) and not discernible in Figures 1-4.

Finally, we repeat the fourth-order calculations sum-
marized by the solid curves in Figures 1-4 by using only
the second-order expansion of F'rpa. In other words, we
set I';'(1,2,3), T';'(1,2,3,4), etc. in eq 46 to zero but retain
Fpi;. These calculations illustrate the role of the fourth-
order terms in determining the segregation of the super-
cooled melt. Compared to the fourth-order calculations,
the second-order ones predict that the domain spacing
and the segregation (as parametrized by o) increase more
slowly with xN. The initial increase in D with xN clearly
scales as N/2 as we measure D in units of Rg, the radius
of gyration of ideal chains, which itself scales as N'/2, In
the SSL, the calculations approach the D « N2/3law much
more rapidly than the fourth-order ones presented in
Figure 1. Because we neglect the third- and higher-order
terms in the expansion of F'rpa, the coefficients of the
generic term

W(gy) ¥(gp) ¥(q3) ¥(gy) (48)

are independent of q;, qs, qs3, and qq, and our results
resemble those of ref 14. For the chain-dashed curve in
Figure 4, D scales as D « N?/3 by the time xN reaches 100.
Furthermore, we see that D/R¢ is almost constant over
the range 10.495 < xN < 11.0 in Figure 2. However, the
more accurate RPA functional which includes the fourth-
order vertex function does not predict this result.

We mention in passing that neglecting the third- and
fourth-order vertex functions without the presence of the
ideal term (or an alternative, all-orders functional) gen-
erally produces an unsatisfactory free energy functional.
The incompressibility constraint and/or the variational
form for Y(z) can force stability, but the resulting
minimization of

2
AFUp®N ~ =Y Tya0 @ 49
q

leads to pathological segregation effects. The global
minimum of eq 49 occurs when the Fourier coefficients
¥(q) assume their maximum absolute values for I';(g,~q)
< 0but vanish when I';(g,~¢) > 0. Thus, even in the WSL,
a single, Fourier mode leads to large overall density
variations when one employs eq 49, and ¢ does not obey
eq 43.

IV. Discussion

The numerical calculations described in the previous
section all predict the same basic sequence of events,
namely, that a second-order phase transition occurs near
xN = 10.495 for a symmetric diblock copolymer followed
by domain growth and sharpening. However, only the
approximation that neglects the fourth-order coefficient
in the expansion of the nonideal free energy about the
homogeneous state predicts that D « N1/2 for slight
undercoolings, and only this approximation agrees with
those experimental studies? which observe the N1/2scaling
relation in the WSL. On the other hand, another group
of experiments® suggest that the WSL exponent should
have a value close to v = 0.8. Given that practically any
theory that one might invent has a nonstationary fourth-
order coefficient, it would seem rather remarkable if real
block-copolymer systems do indeed obey the N1/2scaling.
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Olvera de la Cruz!?and Tang and Freed' reach essentially
the same conclusions using the fourth-order expansion.
One could argue that these analyses neglect fluctuations
which might somehow stabilize an N'/2 law. However,
Olvera de la Cruz’s calculations,® which employ the
Hartree approximation,3 apparently eliminate this pos-
sibility.

The contrasting approximation schemes we employ
reveal a profound sensitivity of the results for D at
moderate and large xN to the order of the truncation of
the functional expansion of the nonideal free energy. The
results exhibit less dependence on the inclusion of an all-
orders, entropy-of-mixing-like quantity in the approxi-
mation for Fgl{ei(R)}}. Thus, we find that the calculations
which employ the correct fourth-order RPA vertex function
predict that the limit D = N?/3 is approached more slowly
than in the second-order theory. This results from the
rapid initial increase of D with xN in the WSL. At larger
degrees of segregation, the domain spacing’s dependence
on N and x tends to relax to the SSL predictions, but it
has to relax much more than in the second-order case,
where D initially scales as N*/2. Questions which we cannot
completely address then naturally arise about the signif-
icance of the higher-order terms neglected in the functional
expansion. Perhaps the next-order terms in the vertex
function expansion would restore a more rapid approach
tothe SSL observed in the scf calculations and the second-
order theory, but that possibility seems counterintuitive.
The fourth-order theory clearly shows, however, that the
SSL occurs only beyond xN = 100—an observation
corroborated by other!4!5 theoretical calculations. This
contrasts recent experimental observations in which
Anastasiadis et al.? measure an apparent scaling relation
of the form N%8 in almost symmetric samples of poly-
styrene-poly(methyl methacrylate) copolymers. As men-
tioned in ref 14, the highest-molecular-weight samples of
these authors only have xN = 105. This makes it highly
unlikely that these authors have truly measured the
domain scaling in the SSL. Of course, our results depend
ona number of physical and mathematical simplifications.
The most significant of these include the use of Gaussian
statistics to approximate the nonlocal contributions to
the free energy, the application of the random-mixing
approximation to account for the temperature dependence
of F[{pi(R)}], and, in the present calculations, the trun-
cation of the functional expansion of the nonlocal parts
of the free energy.

Experimental studies® of diblock copolymers provide
evidence that the width of the interface separating domains
does not depend on temperature (1/x) or the polymeri-
zation number. We define the interfacial width a; as

.= T[(f(2)) ey — 1
U@/ d2) gy |

The definition of f(2)—eqs 36 and 37, and f(2) = ¥(2) +
f, and its symmetry—{f(z) = 1/2 at z = D/4 and (f(2))max
= f(0) leads to the general results

(50)

4 - 2 2 2
l(df/d2)sp)s | = Bze_h @n~1)e/ D) (51a)

n=1
and
2 @ (_1)n+1
—

F@)per =f+ =
w;(zn -1

~2x2(2n-1)%(c/ D)? (51b)
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Figure 5. The quantity w, related to the interfacial width a;
through w = a;(xN)"/?/R¢ (eq 50 defines ay), in the segregated
melt for the fourth-order calculations.

for f = 1/2. However, in the WSL, these reduce to
(df/d)yymg| = 5 2/P" (WSL)  (528)
and

F@)pag = f + %e‘?*’“/w (WSL)  (52b)

For strongly segregated domains, we find

1 - 2
df/dz),. .| = ———et (1 — g7}/ [Bte/D)Y] S
\(df/d2) )] D[2(0’/D)21r]1/2( e ) (SSL)
(53a)
and
@) =1 (SSL) (53b)

Equations 53a,b follow most directly from the real-space
definition of Y(2) (eq 36) and the observation that only
the i = 0 term contributes significantly in the limit of
small ¢/D. The WSL results, eqs 52a,b, are obtained from
the Fourier expansions of ¥(2) (or f(z)) upon retaining
only the longest-wavelength term. The numerator of eq
50facilitates calculations of the effective interfacial widths
in the WSL and is defined so that in the WSL, a; = D/2.
Put another way, the interface encompasses the entire
domain in the WSL. Slight variations®1537 of this defi-
nition appear elsewhere in the literature. However, we
are not presently interested in absolute numbers but in
the constancy or lack of constancy of the interfacial width.

We express D in units of Rg—the ideal-chain polymer
radius of gyration—so that aj has units Rg also. In the
SSL, we expect515 that the quantity w = ai(xN)/%/Rg
approaches ». In Figures 5 and 6, we plot w for the fourth-
order calculations (both types, with and without F;s, yield
almost identical results). Clearly, a; varies considerably.
Near the transition (see Figure 6), a; = D/2 and w rises
with xN because D alsoincreases. w subsequentlyshrinks
as segregation effects begin to dominate at larger xN. For
the largest values of xN considered, w varies slowly with
temperature and/or N. However, the RPA does not predict
anajindependent of xN. Inparticular, w—and thus ar—is
particularly sensitive to x N in the intermediate- and weak-
segregation ranges. Again, it appears that w becomes
independent of x.N as this quantity approaches ». How-
ever, numerical problems with the convergence of the
fourth-order sums over vertex functions make calculations
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Figure6. Anenlarged view of the region near the phase transition
for the data of Figure 5.

at values of x.NV larger than about 300 infeasible. Figures
5and 6 do establish that the fourth-order RPA approaches
the SSL, as measured by the constancy of w, quite slowly.

We conclude this section by briefly discussing some
fundamental connections between the vertex-function-
based calculations, the scf approach, and the functional
integral, field-theory formulation of block-copolymer phase
transitions. Inthe scf theory, one generates the Gaussian
part of F[{pi(R)}] (i.e., the first part of eq 1) by solving a
modified diffusion equation.’ Until recently,'® published,
exact, numerical solutions to this problem did not exist.
This observation provides a testament to the difficul-
ties encountered when trying to solve the scf equa-
tions—essentially integral-partial-differential equations.
However, when solved numerically in this fashion, the scf
approach yields the exact solution to the model free energy
givenbyeq 1. Ingeneral, little is known about the stability
of the technique when modeling Fioca[{0i(R)}] with a more
realistic and hence more complicated form in place of eq
2. The vertex-function expansion can be derived directly
from Edwards’ Hamiltonian38 as in ref 9a using functional
integrals. This methodology allows for systematic im-
provements incorporating fluctuations1%? into the anal-
ysis. Alternatively, the vertex-functions can be regarded
as functional derivatives of a model free energy like that
in eqs 1 and 2. In that case, the free energy implies the
Hamiltonian,?® and the exact minimization of the grand
potential (eq 32) represents the exact summation of the
partition function corresponding to this Hamiltonian.
However, the Hamiltonian does not necessarily closely
resemble an intuitive molecular rendering of a diblock
copolymer. The second-order cumulant techniques used
in refs 9a, 18, and 19 yield the same free energy as eq 1.
However, at higher order, this technique produces a
different expression for F[{p;(R)}). Oneshould, therefore,
not surmise that the free energy functional (eq 1) of the
RPA and scf formalisms maps onto the Edwards Hamil-
tonian even though all three approaches to block-copol-
ymer thermodynamics lead, at varying degrees of approx-
imation, to the same free energy functional.

V. Summary and Conclusions

The RPA clearly follows from a division of the intrinsic
free energy functional into a local, random-mixing ap-
proximation for monomer-monomer interactions and a
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functional for inhomogeneous Gaussian chains. Similar
demonstrations of the equivalence of simple theories of
blends and homopolymers to density-functional formal-
isms have already appeared in the polymer literature.2%:31
Imposing an incompressibility constraint on the correlation
functions derived from this functional leads to the
traditional RPA, but one can also obtain compressible
analogues. More significantly, the decomposition of F[{p;-
(R)}] into Gaussian and local parts suggests new ways to
approximate the two pieces of the free energy functional.

For instance, we can imagine perturbation expansions,
about the noninteracting Gaussian state, which lead to
more accurate expressions for the interaction part of the
free energy functional. This would naturally introduce a
somewhat inelegant and rather complicated dependence
of the free energy on monomer-monomer interaction
parameters, but it could also lead to important modifi-
cations in the shape of the theoretical structure factor. In
the RPA theory, the position of the structure factor’s peak
(or, alternatively, the position of the second vertex
function’s minimum) does not depend on the temperature.
This contradicts the results of both experiments3¢ and
simulations3® which show that at temperatures above the
block-copolymer microphase separation, the blocks stretch
in order to minimize monomer-monomer contacts, re-
sulting in a more general shape of the partial monomer-
monomer structure factors. Including chainstretchingin
the model would result in new theoretical predictions for
the behavior of the domain sizes and interfacial widths.
With regards to the noninteracting, entropic part of F[{p;-
(R)}], studies of the freezing transitions of atomic sys-
tems?4! have benefited from all-orders free energy
functionals which avoid truncations like the fourth-order
approximation used in this paper. Future theories could
be constructed to satisfy sum rules on the free energy
functional® or expand the free energy about local values
of the density asinref29. It may also be useful to construct
a variational theory in terms of the chain-end distribution
function used in scf theories.>!5 All of these techniques
yield all-orders functionals which, though approximate,
might prove capable of better describing the SSL. These
and other methodologies for developing density functionals
of highly inhomogeneous block copolymer fluids will be
the subjects of future publications. Developing approx-
imations for Fgl{p;(R)}] that can accurately account for
the relative stability of the ordered phases, facilitate fast
numerical calculations, and qualitatively describe the
segregation of monomers within the different types of
domains remains a difficult and largely unaddressed
problem.

The present calculations employ more conventional
approximations obtained by expanding F{p;(R)}] to fourth
order about a homogeneous melt. Although such finite-
order treatments can lead to quantitative discrepancies
in the SSL, a comparison of the fourth-order expansion
to the scf methodology reveals some of the strengths and
weaknesses of the expansion methodology.

The fourth-order RPA density functional provides a
reasonably good qualitative description of the lamellar
microphase separation despite its quantitative failings.
In fact, the calculations described in the present article
exhibit no profound qualitative defects. We can compare
the fourth-order results to those of the scf theory because
the two formalisms employ the same continuous-Gaussian-
chain model to approximate correlations in a polymer melt.
Thus, at infinite order, the vertex-function expansion of
eq 1 yields the same results as the scf, modified-diffusion
technology. Although the predicted values of D deter-
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mined variationally from the fourth-order theory are
systematically too large, the calculation of ar—the inter-
facial width—agrees remarkably well with that determined
by the full-blown scf calculations.!s

One could always argue that the successes and/or
weaknesses of the present theory may stem from the trial
function used to describe the segregation process. Ex-
perience with density-functional applications to other
systems (see, for example, ref 29 and references cited
therein) suggests that the basic formalism is, however,
quite insensitive to the assumed form of the density
provided that form provides a qualitatively reasonable
picture of the true profiles. Clearly, the symmetric
Gaussian-window trial function will not duplicate certain
details of the exact profiles as determined!® numerically,
but at this stage, we can only remark that the differences
between the present results and those calculated from the
scf equations!® are qualitatively quite minor. More
concrete observations about the sensitivity of the fourth-
order expansion’s predictions must await additional cal-
culations performed with alternative trial functions.

Compared to the calculations described in ref 14 which
ignore the wave-vector dependence of the third and fourth
vertex functions, the present theory provides a much more
accuratedescription of the WSL. We expect that the wave-
vector dependence of the fourth-order terms should have
asimilar impact on theories of surface-imposed ordering*?
in near-critical block copolymer melts or in descriptions
of other block-copolymer mesophases. We plan to extend
our calculations of the lamellar morphology to body-
centered cubic, hexagonal, and even bicontinuous double-
diamond morphologies in future work.
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